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Abstract. We give an exact deterministic algorithm for MAX-SAT. On
input CNF formulas with constant clause density (the ratio of the number
of clauses to the number of variables is a constant), this algorithm runs
in O(c™) time where ¢ < 2 and n is the number of variables. Worst-case
upper bounds for MAX-SAT less than O(2") were previously known only
for k-CNF formulas and for CNF formulas with small clause density.

1 Introduction

When solving MAX-SAT, we can search for an approximate solution or we can
search for an exact solution. Approximate algorithms are typically faster than
exact ones. In particular, there are polynomial-time approximate algorithms for
MAX-SAT, but they are limited by thresholds on approximation ratios (some of
these algorithms achieve the thresholds, e.g. [9]). There are also exponential-time
algorithms that give arbitrarily good approximation, but when a high precision
is required they are not considerably faster than exact algorithms, see e.g. [Gg].

In this paper we deal with exact algorithms for MAX-SAT and worst-case
upper bounds on their runtime. Beginning in the early 1980s [11], many such
upper bounds were obtained, and now we have a spectrum of MAX-SAT upper
bounds for various classes of input formulas such as 2-CNF, 3-CNF, k-CNF,
formulas with constant clause density, etc. The upper bounds usually depend
on the number of variables, the number of clauses, the maximum number of
satisfiable clauses, etc. Majority of exact MAX-SAT algorithms use the DPLL
approach, but other approaches are used too, for example local search.

We give exact deterministic algorithms that solve MAX-SAT for formulas with
no restriction on clause length (the general case of MAX-SAT') and prove worst-
case upper bounds on their runtime. Previously known upper bounds for this
general case were obtained in [4ITO2IT2IT4]. The most recent “record” bounds
are given in [5]:

0O(1.3247™ - |F|)
O(1.3695% + |F|)

where |F| is the size of input formula F', m is the number of clauses in F, and
K is the maximum number of satisfiable clauses (or the input parameter of
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the decision version of MAX-SAT). Note that these bounds are better than the
trivial upper bound O(2" - |F|), where n is the number of variables, only for
small values of the clause density (m/n < 3). The algorithms in [5] use DPLL
techniques; the proof of the bounds is based on case analysis and recurrence
relations.

The contribution of this paper is twofold:

— Our bounds for MAX-SAT are better than O(2") for formulas with constant
clause density, i.e., with m/n < ¢ where ¢ is an arbitrary constant. Moreover,
they are better than O(2™) even if m/n is a slowly growing function.

— Our algorithms are based on a new method of solving MAX-SAT: we search
for a partial assignment that satisfies a sufficient number of clauses and then
we try to extend this assignment to satisfy more clauses.

Note that our method uses memoization which often occurs in recent algo-
rithms for SAT and MAX-SAT, e.g. [3] and [I3]. In particular, the randomized
algorithm in [I3] solves MAX-KSAT using DPLL combined with memoization.
Its upper bound on the expected runtime is less than O(2") for k-CNF formulas
with constant clause density.

Structure of the paper. Basic definitions and notation are given in Sect. 2l In
Sect. Bl we discuss the idea of our algorithms and prove key lemmas. We describe
the main algorithm in Sect. [d] and we prove an upper bound on its runtime in
Sect. Bl In Sect. [l we describe a modification of the main algorithm for the case
when K is not too large compared to m. Sect. [l summarizes our results.

2 Definitions and Notation

We deal with Boolean formulas in conjunctive normal form (CNF formulas). By
a variable we mean a Boolean variable that takes truth values true or false. A
literal is a variable x or its negation —x. A clause C'is a set of literals such that C
contains no complementary literals. When dealing with the satisfiability problem,
a formula is typically viewed as a set of clauses. In the contexts of (weighted)
MAX-SAT, it is more natural to view formulas as multisets. Therefore, we define
a formula to be a multiset of clauses.

For a formula F', we write |F'| to denote the number of clauses in this multiset
(we use letter m for this number). We use letters V and n to denote, respectively,
the set of variables in F' and its cardinality. The clause density of F is the ratio
m/n. For any positive number A, we write F(A) to denote the set of formulas
such that their clause density is at most A.

We assign truth values to all or some variables in F. Let U be a subset of
the variables of F. An assignment to the variables in U is a mapping from U
to {true, false}. This mapping is extended to literals: each literal -z is mapped
to the complement of the truth value assigned to z. We say that a clause C' is
satisfied by an assignment a if a assigns true to at least one literal in C. The
formula F' is satisfied by A if every clause in F' is satisfied by A.
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For assignment a, we write F(a) to denote the formula obtained from F as
follows: any clause that contains a true literal is removed from F', all false literals
are deleted from the other clauses. The empty clause is false; the empty formula
is true.

The MAX-SAT problem is stated as follows: Given a formula, find an as-
signment that maximizes the number of satisfied clauses. We also consider the
decision version of MAX-SAT: given a formula F' and an integer K, is there an
assignment that satisfies at least K clauses?

We use O* notation that extends big-Oh notation and suppresses all polyno-
mial factors. For functions f(nq,...,nx) and g(ni,...,ng) we write

flny,...,nk) = O0*(g(nq, ..., nk))

if for some multivariate polynomial p, we have

fni,...,nk) = O(p(na,...,ng) - g(ni,...,ng)).
We write log x to denote log, x. The entropy function is denoted by H:
H(x) = —zlogz — (1 — x)log(l — ).

3 Idea of Algorithms and Key Lemmas

In the next sections we describe and analyze two algorithms for MAX-SAT. Both
are based on an idea outlined in this section. This idea is suggested by Lemma[2]
and Lemma [3l The former is a key observation behind our approach. Its weaker
version was used by Arvind and Schuler in [1I] for their quantum satisfiability-
testing algorithm. The second lemma is a well known fact that any formula has
an assignment satisfying at least a half of its clauses.

We consider the decision version of MAX-SAT. To solve this problem, we
enumerate partial assignments and try to extend them to satisfy at least K
clauses.

1. Enumeration of partial assignments. We select a set of partial assign-

ments such that for some 6

— each of them assigns truth values to én variables;

— each of them satisfies at least 6 K clauses.
It follows from Lemma 2] that this set contains an assignment a that can be
extended to satisfy at least K clauses (if K clauses in F' can be satisfied at
all). Lemma[2] also shows that this set (containing a) can be constructed by
processing O(2°™) partial assignments.

2. Extension of partial assignments. When processing a partial assignment,
we try to extend it to satisfy more clauses in F'. There are at most m — 6 K
unsatisfied clauses left and we need to satisfy at least (1 — §)K of them. We
consider two possibilities:

— There are “many” unsatisfied clauses. Then (1—8)K clauses are satisfied
due to the fact that any formula has an assignment satisfying at least a
half of its clauses.
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where d > 2 and V;NV; =0 for alli and j. For each i from 1 to d, let A; denote
the restriction of A to V; and let F; be the multiset of clauses satisfied by A;,
1.€.,

F;, = {C e F | C is satisfied by A; }
Then there exists i € {1,...,d} such that
IFLU...UF,_ UFU...UFy > 1-1/d)K

Proof. We prove this lemma using Lemma [Il Let S denote the multiset of all
clauses in F’ satisfied by A. This multiset can be represented as the union of d
multisets:

S=5U...US8;

where S; = F;—(F1U...UF,_1). Since |S| > K, we have |S1|+...+[Sq4| > K.
Applying Lemma [Il we obtain that there exists ¢ such that

151+ -+ [Sica| + [Siga + ...+ [Sa| 2 (1-1/d) K. (3)
The multisets Sy, ..., Sy are pairwise disjoint, therefore
[Sil + ...+ 1Sic1| + |Sig1] + ... +1Sa| = |SiU...US;_1USi11U...USy|. (4)
By the definition of multisets S}, we have S; C Fj for every j and consequently
SiU...US1US1U...USy € FRU...UF,1UF,1U...UF;. (5)
Taking @), @), and (@) together we get

[FilU...UF,_jUF 1 U...UFy >

|S;U...US;—1USitaU...USy =

1Si] + ...+ [Sica| + [Siga| + ...+ |Sa] >

(1-1/d) K. O

Lemma 3 (well known fact). Any formula F has an assignment that satisfies
at least a half of its clauses.

Proof. Consider an arbitrary assignment a. If a satisfies less than a half of clauses
in F, we flip the values of the variables in a. It is easy to see that the new
assignment satisfies at least a half of clauses in F'. a

4 Main Algorithm

In this section we describe the main algorithm based on the approach discussed
informally in Sect. Bl
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Algorithm A

Input: Formula F' with m clauses over n variables, integers K and d such that
2<d<nand m/2 <K <m.

Output: “yes” if there is an assignment that satisfies at least K clauses, “no
otherwise.

1. Partition. We partition the set V' of variables in F into d subsets V1, ..., Vy
of (approximately) same size. More exactly, we partition V into d subsets
such that each of them has either |n/d| or [n/d] elements.

2. Database preparation. We prepare a “database” needed for the next

steps. Namely, we build tables (arrays) T, ..., T; defined as follows:

(a) Let Fl|y, denote the formula obtained from F by removing all clauses
that contain no variables from V; and deleting variables from V — V;
in the remaining clauses. By a short subformula of F|y, we mean any
subformula of F'[y; that has length at most 2/K/d.

(b) We define T; to be a table consisting of all pairs (S, M) where S is a
short subformula of F'|y, and M is the maximum number of satisfiable
clauses in S. For every S, we compute M by brute-force, which takes
time O*(2"/4).

(c) Fixing an order on short subformulas of F|y,, we sort each table T}
according to this order. Therefore, given a short subformula, we can find

the corresponding record in logarithmic time.
3. Partial assignments. For each j € {1,...,d} we consider all assignments

to the variables in V' — V;. Given such an assignment, we check whether it

satisfies at least (1 — 1/d)K clauses. For each assignment that passes this

test, we perform the next step.

4. Extension. Let a be a partial assignment selected at the previous step. Let
K, denote the number of clauses satisfied by a. If K, > K, return “yes”.
Otherwise, we try to extend a to an assignment that satisfies at least K
clauses. Consider the formula F(a) obtained from F by substitution of the
truth values corresponding to a. To extend a, we need to satisfy K — K,
clauses in F'(a). Two cases are possible:

(a) Case 1.1f |F(a)| > 2(K — K,) then by Lemma [B] there exists an assign-
ment that satisfies at least K — K, clauses in F(a). Therefore, a can
be extended to an assignment that satisfies at least K clauses. Return
“yes”.

(b) Case 2. The formula F(a) is shorter than 2(K — K,). We need to check
whether there is an assignment that satisfies at least K — K, clauses
in F(a). Note that F'(a) must occur in the table T;. Therefore, we can
find (in logarithmic time) the maximum number of satisfiable clauses in

F(a). If this number is at least K — K, then return “yes”.
5. “No” answer. The output is “no” if we failed to find an appropriate as-

signment as described above.

Note that the algorithm can be also implemented using DPLL combined with
memoization: partial assignments can be enumerated in the DPLL manner and
the tables can be built on the run with memoization.
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5 Runtime of Algorithm .4

In this section we give a worst-case upper bound on the runtime of Algorithm A
(Theorem[I]). Applying this algorithm to solve MAX-SAT, we get essentially the
same upper bound (Corollary[l]). Then we show that if we restrict input formulas
to formulas with constant clause density, we have the O(c™) upper bound where
¢ < 2 (Corollary [2).

Theorem 1. If Algorithm A is run with d such that

d>4 andd22<ﬁlog<%d>+1) (6)
n

where m and n are, respectively, the number of clauses and the number of vari-
ables in the input formula, then the runtime of Algorithm A is

O (271(171/(1)) )

Proof. First, we note that for any m and n, there exists d that meets the in-
equalities in (@). Consider the execution of Algorithm A on input formula F
with any K > m/2 and with d chosen according to (@). After partitioning of the
variables in F into d subsets, we build d database tables. Each table contains

21251/ ¢ (":) records and can be built in time

2K/d

(50

=1

After building the tables, we take d identical steps. At each step, we enumerate
all assignments to n(1 — 1/d) variables. For each assignment a, we compute the
formula F'(a) and (if needed) look it up using binary search in the corresponding
sorted table. Since the table size is 2° (™) the lookup can be done in polynomial
time. Therefore, the overall runtime of Algorithm A is bounded by

2K/d

o (3 (7)) < o) @

=1

We show that for any d that meets (@), the first term in this sum is asymptotically
smaller than the second term. The sum of binomial coefficients in (@) can be
approximated using the binary entropy function, see e.g. [7), exercise 9.42], so we
can approximate the first term in (7)) as

O (2H(2K/md) m + n/d) )

Since the function H is increasing on the interval (0, %], it follows from d > 4

and K < m that
2K 2
H|{— |<H|=].
(ha) =2 (3)
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Using the well known inequality In(1 + z) < z, we have
2 2 2 2 2
H|-)= -] —(1-=]1 1—-—
(3)==a (@) - (=3) we2-3)
1 d + 11 2 1 In{1+ 2
g5 ;) logen 73
2
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Therefore, () is not greater than
O (2(2m/d) log(ed/2) + n/d) L o (2(1—1/d)n)

It remains to observe that the second term in this sum dominates over the first
term if
2m 1 ed n n < n
2 e [ = i n — —
da B\ 72 d = 4

which is equivalent to the condition on d in (@):

d
d22<ﬁ10g<6—>+1). O

n 2
Corollary 1. There is an exact deterministic algorithm that solves MAX-SAT

in O*(2"=YD) time, where d meets condition (8).

Proof. We repeatedly apply Algorithm A to find K such that the algorithm
returns “yes” for K and returns “no” for K + 1. This can be done using either
binary search or straightforward enumeration. O

Remark 1. What value of d minimizes the upper bound in Corollary [[I? We can
approximate the optimum value of d as follows:

d=0(Z10g(2+2)) 8)
n n
It is straightforward to check that this approximation meets condition (6.

Corollary 2. There is an exact deterministic algorithm that solves MAX-SAT
for formulas with constant clause density in O(c™) time where ¢ < 2. More
exactly, for any constant A, there is a constant ¢ < 2 such that on formulas in
F(A), the algorithm runs in O(c™) time.

Proof. The O*(2"(1=1/4)) upper bound can be written as
OF (211(17 1/d)) =0 <2n7n/d+(9(logn)) (9)

If A =m/n is a constant, it immediately follows from (@) that d can be taken
as a constant too. Therefore n/d is asymptotically larger than O(logn), which
yields the O(c¢"™) upper bound. O
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Remark 2. Note that the proof above can be used to obtain the O(2") bound
for some classes F(A) where A is not a constant. For example, we can allow A
to be O(y/n). Using the approximation (&), we have

d = O(y/nlogn).

Then n/d is asymptotically larger than O(logn) and, therefore, (@) gives the
O(2") bound.

6 Algorithm That Needs No Tables

An obvious disadvantage of Algorithm A is that the algorithm has to build
an exponential-size database. We could avoid it if we chose d so that F'(a) is
always “long” enough. Then a can be extended due to Lemma [Bl and no lookup
is needed. Using this observation, we define Algorithm 5 that does not require
building tables. Theorem [l gives a worst-case upper bound on its runtime:

o* (2"(1*%)) .

Algorithm B

Input: Formula F' with m clauses over n variables, integer K such that

n

m/2 < K < m

- n4+1 (10)

Output: “yes” if there is an assignment that satisfies at least K clauses, “no”
otherwise.

1. Partition. We take an integer d defined by

q = {Lf } |
m—K
Then, similarly to the partition step in Algorithm 4, we partition the set
V of variables in F into d subsets Vi, ..., Vy. Note that it follows from (I0Q)
that d < n.

2. Partial assignments. This step is similar to the partial assignment step in
Algorithm A: for each j € {1,...,d} we enumerate all assignments to the
variables in V —Vj. For each such assignment, we check whether it satisfies at
least (1 — 1/d)K clauses. In Theorem 2] below we show that any assignment
a that satisfies at least (1 —1/d)K clauses can be extended to an assignment
that satisfies at least K clauses. Therefore, as soon as we find a satisfying
(1 -1/d)K clauses, we return “yes”.

3. “No” answer. If we failed to find an appropriate assignment at the previous
step, “no” is returned.
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Theorem 2. Algorithm B is correct for all K that meet {I0). Its runtime is
o (2"(1—¥))

where m and n are, respectively, the number of clauses and the number of vari-
ables in the input formula.

Proof. Let a be a partial assignment selected at Step 3 and K, be the number of
clauses satisfied by a. Consider F'(a) that has m — K, clauses. If F(a) is “long”
enough, namely

m—K, > 2(K - K,), (11)
then it follows from Lemma [3]that a can be extended to an assignment satisfying
at least K clauses (cf. Case 1 in Algorithm .A). It remains to show that the choice
of d in the algorithm guarantees (IT).

Since d = [K/(m — K)], we have

d> K/(m— K).

This inequality can be rewritten as

K.

m —

K
d

Y

Adding K to both sides we get

=

Since K, > (1 - 1/d)K,
m + K, > 2K.
Subtracting 2K, from both sides, we obtain (II]).

Clearly, the runtime of the algorithm is determined by the time needed to
enumerate all assignments to the variables in each V' — Vj;. Since each such
subset of variables contains at most [(1—1/d)n] variables, we obtain the claimed
runtime. O

7 Summary of Results

1. We give an exact deterministic algorithm that solves MAX-SAT for CNF
formulas with no limit on clause length. Its runtime is

o (2"(171/‘1)) where d = O (T log (T + 2)) .
n n
2. This algorithm solves MAX-SAT for formulas with constant clause density
in time
O(c™) where ¢ < 2.
3. We give another exact deterministic algorithm that solves MAX-SAT in time

O* (2"(1—%»

where K is the maximum number of satisfiable clauses. This algorithm is
faster than the first one when K is not too large compared to m.
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